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Momentum distribution of A- isobar in closed shell nuclei. 


A. N. Tabachenko 

Nuclear Physics Institute , 634050 Tomsk, Russia 

One A- isobar components of the wave function in closed shell nuclei are considered within 
the framework of the harmonic oscillator model. Conventional transition potential is the tt- 
and p- exchange potential. On the basis of the A- isobar conhguration wave function, the 
momentum distribution of the A- isobar is calculated for the light nuclei . 

Introduction 

Within the framework of the traditional non-relativistic theory of nuclei, the non-nucleon 
degrees of freedom are bound up with the effect of mutual polarization or deformation of 
bound nucleons in nuclei due to close collisions within nuclei [1- 4]. In terms of the wave 
functions of nuclei this effect can be expressed by the introduction of additional to purely 
nucleon, isobar conhgurations. These conhgurations describe such states of nuclei, in which 
the part of nucleons in nuclei are in excited states, as virtual isobars, which appear due to 
the collisions within nuclei as a result the transitions 

N + N ^ N + A(A + A) ^ N + N. 

The admixture of probability of these exotic nuclear conhgurations is small because of the 
small nuclear density and big isobar-nucleon mass difference. These exotic A- isobars (in¬ 
ternal A- isobars) are far off the mass-shell unlike A- isobars (external A- isobars), which 
are born in reactions of particles with nuclei and are essentially on the mass-shell [5]. There 
were attempts to hnd manifestations of the exotic A- isobar conhgurations in the ground 
state of light nuclei in a number of experiments, in reactions on nuclei with knocking out 
A-isobars preexisting in the target nuclei[6-10]. A theoretical description of these reactions 
within the framework of the impulse approximation requires knowledge of the momentum 
distribution of A- isobars considered as components of nucleus, together with nucleons. This 
momentum distribution dihers from the momentum distribution of the external isobars and 
does not depend on kinematics and characteristics of particles in reactions with nuclei. 

In this work, the estimation is made for the probability of the internal A- isobars presence 
in light nuclei, and the momentum distribution of the A- isobars in light nuclei with the 
closed shells is obtained. 

Wave functions of isobar configurations in closed shell nuclei. 

According to the approach developed in the works of Arenhdvel et ah [5,11,12], nucleons 
bound in the nucleus, in addition to the spatial, spin, and isospin coordinates, are charac¬ 
terized also by the intrinsic coordinate. For completeness and to hx the notation, let us 
summarize the results and formulas given in [11]. The state vector of N nucleons is 

I ai(l), ...aAr(A) >=| /3i(l)ni(l), .../3Ar(A)njv(iV) > . 

The indices A, .../^at refer to the usual, spin, and isospin space. They take the same series 
of values for all particles, i.e., A = a,/3, 7 ...; .../^at = The indices ni{l), ...hn^N) 
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characterize the state vectors in the intrinsic space. The basis vectors | > in the intrinsic 

space are dehned as follows 

M I rriy >= rriy \ rriy >, 

where is the eigenvalue of mass operator M in the intrinsic space, and u =1, 2, 3,.... The 
value of my=i corresponds to a mass of nucleon, my =2 corresponds to a mass of first excited 
state - A, and so on. The vectors | mi, > form the inhnite discrete basis in the intrinsic 
space. Each particle is characterized by its intrinsic index of state ni{i){i = Later 

on, it is taken that | ni{i) >=| >, | my =2 >,••••) i-e-, states are pure states. For brevity, 

we enter the designation | >=| N >, | m ,^=2 >=| ^ >,.... For instance, the vector 

describing the system of N nucleons is written as | iV(l)...iV(iV) >; if the first particle is in 
the state of isobar, but the rest are nucleons, the state vector is written as | A(l)...iV(iV) >. 

For the system of N particles, which can be in different intrinsic states, hamiltonian 
of system H acts on spatial, spin, isospin, and intrinsic coordinates. According to [11] 
hamiltonian H have form 

H = J2iT{k) + HUk)) + E k). 

k=\ i^k 

Here, T(k) is the kinetic energy operator of k- particle, Hin{k) is the part connected with 
the intrinsic degrees of freedom, V(i,k) is the two-particle interaction. The operators T and 
V, unlike those of standard nuclear physics, depend also on the intrinsic degrees of freedom. 
The operators T and Hi^ are diagonal on the intrinsic degrees of freedom. Let us assume 
that 

Hin = M — IMn, 

i.e., the vectors | mi, > are eigenvectors of the operator Hin with the eigenvalue {mi, — M^r). 
Thus, the following formulae take place 


< I Hin I rrin >= {m^' - 


<m,,\T\ m. >= 

< m'm ' I V I m^m^ >= VA /m 


The wave function of the system of N particles in the state | Q;i(l), ...aN{N) > characterized 
also by the intrinsic coordinates is introduced as follows 


("^l) ) A (1 )) a (-^)) A (-^)) ) 

< fi, ai,{l),Ti,{l),mui, ...tn, (Ji,{N),Ti,{N),myj^ \ ai(l), ...aN{N) > . 

An eigenfunction i 3 i,...f 3 j^{ri, ...rN'^m'ni.-.m'n^) of N particles of operator H with eigenvalues 
Ei3-i,...pN is ^ superposition of the wave functions belonging to the different conhgurations 


^Pi,...p^{ri, ...fN-,m'ni...m'n^) 




For brevity, we enter the designation f for space, spin, and isospin coordinates. The part 
of the wave function of nucleus An'^^,,,n'^(j)n[,...n'^{'rTili...m'n^) ■ {ri, ■■■fN) describes con¬ 

figuration of N particles in nucleus with quantum numbers of the intrinsic states 
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For instance, the nucleon part of the nuclear wave function is characterized by the values 

n\ = iV(l), = N{N), one-isobar conhguration have n[ = A(l), = N{N) and so 

on. By dehnition, {ri, ...r/v) is the wave function of space, spin, and isospin coordi¬ 

nates of the conhguration of N particles with quantum numbers n[, ...n'jq. The wave function 
=< I n'i{l)...n'j^{N) > is the intrinsic wave function of 

N particles. The wave function •••'nv) should be antisymmetric for particles in 

the same intrinsic state. The remaining antisymmetrization for particles in different intrinsic 
states is done by operator 

The wave functions satisfy the following 

Schrddinger equation 

^ ^ 0ni...njv rn^ -m ,...m , 

^ 1 / 1 / 

mu^ ...muAr'.m / ...m / i A' 

"1 V 




E 


4^711. ..n^ 


rriu^ / ...m / 

^ -1 V 


mi/1 / ...m / 

^ ’'l ’'n 






There is no hope of solving this set of equations, because of the right- hand side of this 
equation couples the various isobar conhgurations. In practice, the impulse approximation 
is used, according to which on the right- hand side of this equation only the terms with 
the wave functions of nucleon conhguration are leaved. Besides, the interactions between 
isobars and between isobars themselves are neglected on the left- hand side of equation. This 
approximation leaves only one-isobar and two- isobar conhgurations. 

The full wave function tb/ 3 i,.../ 3 ^(ri, must be normalized to the unit. Let 

us consider a bilinear form 


J ...rjv; ...rW; 


Here, dl...dN means an integral of the space variable and the summation over the spin, 
isospin, and intrinsic coordinates. Using the condition of orthogonality for the intrinsic wave 
functions 


ni ,...niv 




UN 


) 0 , 






vn ■ 




and H+ = A,A^ = VMH, we obtain 


jdn...drT, E 

r^l 


The indices are diherent for the closed shell states . If the wave function of the 

nucleon conhguration is the Slater determinant, then 
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(1 


E 


dn...dfNiJ*2’,'::Z(^^^ ...fW)^^;;E^(ri, ...rW)). 


It is necessary to introduce a normalization factor 


C = 


\ 


1 + Wdi'^Ar,,„n^ 


to obtain the full wave function normalized on 1. Here, 


W, 






The wave function of the space, spin, and isospin coordinates of the isobar conhguration 
with quantum numbers n[ ^ N, is then 




/ 3 i,.../ 3 jv 


(fi, ...tn) = C'lp 


01,...[Sn 


(ri,...f7v). 


where •••'nv) is a solution of the Schrddinger equation. 

It is sufficiently to deal with a two-body wave function of the AN system to hnd a 
momentum distribution of the delta- isobar in the nucleus. Let us consider the only one 
delta- isobar conhguration. We write an antisymmetrization operator as follows 


A 




N 


(1 “ E P2k)^'iN-, 

fc=3 


where is the antisymmetrization operator of N-2 particles. One may start from the two- 
body pair wave function expansion 


. ,A(1),7V(2),...7V(V) 

^?'NWi3i,...I3n 




K,S,...KN 


Here, ...rN) forms a complete set of the antisymmetric eigenfunc¬ 
tions of the N-2- particles system with energies Substituting this expansion 

in the Schrddinger equation , multiplying the right- hand side of the this equation on 

and usiug the condition of the orthogonality, one obtains the equa¬ 
tion for the wave functions of the AN system 


N{N-1) 


E 

rriu-, ...muj.r;m / ...m r 


4>a{i),n{2)...n{n) ijnui • • •■nr, 


vn / 


(T(l) + T(2) + AM, - + / ...m t 

rriu, ...rriu ',m / ...m / l M 

"i V 


drs, ...dfNAsNi’S^laf^^Kn, ■■.rN)AN ■ 
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As the wave function of the AN system and the wave function ...Aat) are 

normalized to the same constant, the solution of the Schrddinger equation for the bound 
AN system must be multiplied by the above mentioned constant C. Solving this equation 
for the AN system in the shell model with the Is- coupling, one can obtain 


, A(1)V(2) 

'^/3i ,/32 ;/33 • ■ ./3iv ,a3, ■ ■-Oiv 




_^A(l),iV(2) 


(Eafs) 


m^, / ...m i l ^ 

‘'l V 

V2 (r 1 ) 0^2 (^2 ) 5a3/33 • • • OiNpN ■ 

Here, 0/3(0 = {nlmismstmt}) are single- particle states. This approach allows to use poten¬ 
tials, which depend from the relative coordinates of nucleons and isobars. The two- particle 
propagator is 

G'f{^)’^(^)(-E'a/3) = [ ^ <pA{l),N{2)...N{N){'n^ui---'fnupf) 

rriu-, ...rriu^j-.m / ...m / 

^ -1 V 


p2 p2 

^2Mi 2M 2 ~ -^/3l,.../3jv + 0A(l),A''(2)...A''(Af) (^;/l• • )] 

The resulting wave function of the AN system in the closed shell nuclei with the Is- coupling 
is given in an explicit form in the work [11] (s. Appendix 1.) 

Formulae given in work [11] can be used for the closed shell nuclei However, 

the nucleus has not the closed Ip shell in simple shell- model description with the Is- 
coupling. To build a wave function of the isobar conhguration with one delta in the case of 
the nucleus we used the shell model with the jj- coupling, in which the nucleus has 
closed Sip and shells. As a radial parts of the one- particle wave functions for the case 
the jj- coupling and the case the Is- coupling coincide for oscillator potential, the relationship 
between these wave fnnctions is dehned by the angnlar parts of the wave fnnctions. Result, 
we have 







It allows to obtain a correlation between the wave fnnctions for the AN system in the case 
of the shell model with the jj-and the Is-conplings 




AN 


( 1 . 2 ) = 


E ] 

m / m / m / m / 

<1 ^2 *^2 




Lm f s.m / 
1 q 1 Si 




/ 2 'm, / ^2 

‘2 


*2 


Here, a' = n^l[j[m-d[mp, I3[ = /s[mpt[mp. The wave functions of the AN system 

for shell model with the jj- conpling is given in an explicit form in Appendix 1. 
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A- isobar momentum distribution in nuclei 


By definition, the A- isobar momentum distribution can be written through the wave 
function of the AN system as follows 


^s[s'^{k) = J dkdpidp2'^+yJ^{pi,P2)S{k - ■ 

The indices 5' (i = 1) are identihed with the indices /?' in the case of the Is-coupling and the 
indices o' in the case of the jj-coupling. Here, Tyy (pi,P 2 ) is the Fourier transform of the 
wave function of the AN system 


'^5[5',iPuP2) = J dndf2'^s[5'S^iN2)e 

Using the wave functions mentioned above, we have 

'^P^>{P1,P2) = 


—^P2^2 


where a = N'l'Mj^i. Here, i{p} is the Fourier transform of the function of relative 
motion and ^a{P) is the Fourier transform of the wave function of c.m. system 

AN;JMjTMtIs , 


= i: < P I >, 

Y,IsJMjTMt 


where 




AN;JMjTMtIs 
N'L'M^iS 


M^, Tmr 

W - ^ 5 " 5 "sb'A' i > J^lsyi's' [P)^ 


and 


KNN'^iP) = 7:^1 

f/7rj2 J 

(P) = R^,L'iP) < P I L'My >, 
1 


Rn'L'{,P) = 


{2ti\ 


drr ATi[—i) ji{Pr)R]si'L'(j'). 


The indices 5'1 (i = 1) are identihed with the indices /?'' = in the case of the 

Is-coupling and the indices a'l= in the case of the jj-coupling. The momentum 

distribution integrated over angular variables is considered. Then, we can to write the 
momentum distribution of the A- isobar as follows 




E 


E 


N L M^r,N'L'M^, y,lsJTMjMT-,py',I sJTMjMt 


_ Ip^dpphiP'iiyy;^.ppy‘{p) 


,AN;JMjTMtIs 

.L'Mp^r,(ls)JMjTMT 


^N'L 5!^Y {p)Rn'L'M^, {P)Rn'L'M^, (P) 


. 1 . lVlp^r,(L!i)JlVlJllVlT i, p\ 

L'M'-,{is)JMjfMT P 

where {k,p, P) is the integral over the angular variables 
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^L'M'-,(lS)JMjfMT 


ik,p,P) = I 


dkdpdP < JMj{Is)TMt\p >< L Mi^i\P > 


6{k — ji¬ 
lt is possible to show that 


Ml 

Id 


p) < p\ l! Ml 


>< :^/s) JMjTMt > • 


^L'M^r,(ls)JMjTMT^l ^ 
L'M'-,{ls)jMjfMT ^ ^ 


Y: (-I)"-”'a" 

\m,x 


^L'O ^10 
^L'OXO^IOXO 


XJJ 

Sll 




J-M; 


XJJ 

—m\ — MjMj 


L'XU 

Miiriix - M^, 


J q‘^dqjo{kq)jx{pq)jx{^Pq). 

Below, the momentum distribution is considered as sum over all possible magnetic quantum 
numbers of the closed shells of the initial nucleons 


\x’Sk) = Y.^‘'A(k), 

where 5[ = (3[ = n[l[s[t[ for the case of the Is- coupling and 6[ = a[ = for the case of 

the jj- coupling. The sum over the quantum numbers for the case of 

the Is- coupling and for the case of the jj- coupling is supposed. After using 

of the graphic methods of the summation over the projections of the angular momenta [13], 
we can write the expression for the momentum distribution for the cases of the Is- and the 
jj- couplings in the forms, which are given in Appendix 2 . 

The momentum distributions of A - isobar for the nuclei ‘^He and 

For the simplest nucleus with the closed shell ‘^He nj = = /j = L 2 = 0. There¬ 
fore, we have 2n' + 2N' + I' + L' = 0. As all terms are more than zero, n' = N' = 

I' = L' = 0. From here, the following rules of the vector addition for the angular mo¬ 

menta must fulhll {JJX), (AGO), (TOs'), {s'Jl') (the rule of triangle). Similarly, it have place 
(OOA), (AGO), (GGA'), A'GG). At last, we have (JJX), (XU), Jls), {sJl) from the third 6j- sym¬ 
bol. The transition potential gives the limitations 1 = G, {Jls), {s2.s'), /2s'), (GJs'), (G2/), (si = 
3 /2 s2 = l/2s). From here, we have 

A = G, A' = G, J = J, / = [, J = s', / = G, 2, s(s', /), 

where s(s', G) = J = s', s(G, 2) = 2 because of (J = Osl) and s(l, 2) = 1,2 because of 

(J = Is/). The latter follows from the 9j- symbol properties. 

As result, we shall receive 

^ X! X! X! X! ^oo^'foo^'(o) 

s'=0 J=s' T=0 1=0,2 s{s',l) 
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M. 


q^dqjoikq) I P'^dPjoC-^Pq)RooiPf I dpjo{pq)\ {p) 


M 


where 


and 


nrsUsUT 

^^■'005';005 


NtISm = {JJ0}{000} 


;( 0 ) = (- 1)‘+‘(1 - (-!)•'*"plJ'T^NpiUHO) 


TT 


JJO 

00 s' 


000 

000 


JJO 

Us 


Using properties of the 3j- and 6 j- symbols, summing over 1 and s', T, we shall receive 

^ q‘^dqjo{kq) J P^dPjo{^Pq)Roo{P)^ J p^dpjo{pq) 

CSo+^ Do Di), 




TT 


where 


= I lU. 


AVOl 

00,000 


(P) 


Do = \W. 


AVOl 

22,000 


(P) 


= I W^otoOl(p) 1,^1 = I W^2t00l(p) 1,^1 = I W^2%01(P) D- 

It is possible to perform the q’ integration of the last expression. Besides, it is possible to 
show, that the matrix element of the transition potential is not zero only for the value of ^Dq- 
The values ^Si,^ Di,^ Di include the matrix element of the transition potential with T = 0, 
and so, they are equal to zero because of (03/21/2). The value ^S'o is equal to zero because 
of the rule for the vector addition (03/21/2) for the spin angular momentum . Therefore, 
the momentum distribution of the A- isobar in the nucleus ‘^He is 


_ 24 1 
P1P2 (27r)^ q; V 2 z/ 


— / pdp-{exp{ 


{k — pY 

2a‘^h' 


)exp{- 


{k + pY 

2a‘^h' 


))l 


Here, 

W^2'2;ooo(p) = ^QUanBan{J^ r‘^drj2{pr)k2{BANr) r'‘^dr'i2{BANr'VYYflo{r')Roo{r') + 

roo roo „ 

/ r‘^drj2{pr)i2{BANr) / r' dr'k2{BANr')VYYol{r')Roo{r')}■ 

Jo Jr 

The numerical calculations of the momentum distribution of the A- isobar for the nucleus 
^JTe are shown on Fig. 1 ( curve a). The probability for hnding one A- isobar per nucleon 
for the nucleus ^Jfe is given in Table 2. 

For the nucleus the following sets of the main quantum numbers and the angular 
momentums are possible. Because of a centrifugal barrier two nucleons have the maximal 
probability to turn into a pair AN only in the state with /' = 0. Therefore, the sum over 
the initial quantum numbers are simplihed greatly. The possible initial quantum number 
are given in Table 1. 


n'l = 0 

l[ = 0 

n'2 = 0 

/' =0 

n' = 0 

A' = 0 

/' = 0 

L' = 0 

A' = 0 

n[ = 0 

l[ = l 

^2 = 0 

/' =0 

n' = 0 

A' = 0 

/' = 0 

L' = 1 

A' = 1 

n[ = 0 

l[ = 0 

^2 = 0 

/' =1 

n' = 0 

A' = 0 

/' = 0 

D = 1 

A' = 1 

n[ = 0 

l[ = l 

^2 = 0 

/' =1 

n' = 0 

A' = 0 

/' = 0 

L' = 2 

A' = 2 





n' = 1 

A' = 0 

/' = 0 

L' = 0 

A' = 0 





n' = 0 

A' = 1 

/' = 0 

L' = 0 

A' = 0 


Table 1. The initial quantum numbers for the nucleus 




If I' = 0, the rule of the vector addition of the angular momentum [Xl'l') gives A=0. 
Then, we have 




^N'L'YiN'L'f 


(1 - - (-1)^'+'^')T 


s' -irT\rp2 


71 


Os's'Oa'A'OssJ J J A L/a/oao'^0000 




a-J 


n’l’N'U 


fJsLJU __ /qN 
^'^s'OL'A'OA'v'-’T 


h'l'N'L' s'OL'A'OA 


where 


NXA'ol'Km = 


JJO 

00 s' 


L'L'O 

OOA' 


JJO 

lls 


and 'j' = s A n I . Using properties the 3j-and 6j- symbols, we receive 

pjsUU /Q\ — /_ 1 \s+Z+A'+ 2 J+s'+A'r __x _ X ^ 

Hence (s. Appendix 2), 


II --2 ^ - • 

J lU 


2 


TT 


^s's'^a'K'^l'L'^ss^il^jjT j A' 


^n'l'N'U ^n'l'N'L' ’ 


where 7' = s'A'n{l' = 0). It gives the following expression for the momentum distribution 
of the A- isobar in the nucleus 




ST (T\-J+L'-L'(^_(_^\s'+T\2‘^rp2 f2 A/^^A'>2^2^' "^'d'l"^2^2A A r 

/ . V -‘-I U I -‘-J ) ^n'l'N'L' ^h'l'N'L' ^L'L'^A'A' 


N' N'L' L'n'n's'A'A' IsJT 


J q‘^dqjo{kq) J P^dPjo{^Pq)RN'L'RN'L'iP) J 

where /' = /' = 0. The sum over the initial quantum numbers is carried out according to 
the Table 1 at the hxed Depending on a shell, where the two initial nucleons turn into 
a pair AN, there are three different combinations of the values [[, The sum momentum 
distribution of the A- isobar is 


A tU\ 


The sum over s', 1, s, J, T is carried out as well as in the case of the nucleus ^Jfe. The 
identical the limitations follow because of the same transition potential. In this case I = 
0, 2, J = s', s(s', 0) = s', s(0, 2) = 2 because of (J = Os/), s(l, 2) = 1, 2 because of (J = Is/). 
As in the previous case, because of the rules of the vector addition (03/21/2)for T and 
(03/21/2)for the spin angular momentum, the transitions with T = 0 and the transitions 
with s' = 0, / = 0, s = 0, J = 0, T =1 are absent. As result, the momentum distribution of 
the A- isobar in the nucleus O is 

= d^dqjoikq) J P^dPjo{^Pq) J p‘^dpjo{pq)[ 
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{RooiPf 


TT/AiVOl 

’^'^ 22,000 


ip) P + 


+3Ro^{Pr I \" + 


/2o2(P)^ + -i?10(P)OI W^22^00(P) r-^lo(P)i?Oo(P)1^2toOo(p)W^22;]'oob^ I ^^2^100^) 

The Fourier transform of the radial parts are determined by formula 

dvr , . 


Rnlip) = 


(27r)V2 




Rdrji{pr)Rni{r) 


After an analytical calculation of the available integrals, we shall receive the following ex¬ 
pression for the momentum distribution of the A- isobar in the nucleus 


A{k) = 


24 1 


[Pdp 


{exp{- ^\ )fi{k-p) - exp{ 


(27r)"^ a\2i>k 

{k +pY 


+\/Q{exp{- 


2a^v 
{k — pY 


+ {exp{- 


2a‘^iy 

{k — pY 

2a‘^h' 


)f 2 {k-p) - exp{- 


2a^v 

{k + pY 


)/,(*:+ p)|H'i™(p) 


)f3{k-p) - exp(- 


Uk + p)))w,^,S!iip)w&T£(p) 
^^^Mk + P)) I w£S(p) r^), 


2a‘^iy 

{k + pY 


where 


„ , . ^ 1 1 x'^ 

fi{x) = 6 -h 7 ^^ + T 


4 a^u 

1 T 


4 

2 


9 ) 

a^v 


Mx) = 2 - 

Here, a = i^^Ymn 

Using the formula written above, we have obtained the momentum distribution of the 
A- isobar for the nucleus Results are shown on Fig. 1 ( curve b). The probability for 
hnding of the A- isobar per nucleon in the nucleus is given in Table 2 . 


Momentum distribution of A - isobar for the nucleus 


Let us consider the momentum distribution of the A - isobar in the ground state of the 
nucleus C. This nucleus in the ground state have two closed Si /2 and / 3/2 shells. The 
sum over the quantum number for the momentum distribution of the A - isobar for the 
nucleus (s. the formulae of Appendix 2 ) is dehned by the rules of the vector addition 
for the angular momentums. Below, we shall consider the case I' = 0. By dehnition, we 
have = \is '2 = |,<si = |,S 2 = From the form of the transition potential it follows 
1 = 0 or 1 = 2. For these two cases s' = 0,1. From the 6j- symbols in the isotopic space 
it follows T = 1. Then, because of the factor (1 — (—1)^ the selection rule for spin 

follows s' = s' = 0. It is very strong limitation. We have J = 0 and A = 0. In addition, 
I = I and s = /. It follows x = L' = L' = A' = A' also. Because of the hrst part of the 
transition potential the value 1 = 0. However, because of (03/21/2) the contribution of this 
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item disappears. Therefore, only I = s = 2 remains. Thus, the expression for the momentum 
distribution becomes considerably simpler 


^a[a',ik)= E T. j q^dq^kq) 

N'n'Nh' L'A' 


,Ma 
M 


P^dPU^Pq)R^,L'{P)Rj^>AP) 


Let us designate the momentum distributions, when both holes are on the ps - shells, as 
follows 


^P3P3 ~ ^a[a2{k)-i 


where we have a'l = (n'^ = 0/^ = lj[ = 3/2T^ = 1/2) a' 2 = {n '2 = O /2 = = 3/2^2 = 1/2). 

Similarly, we shall designate the momentum distribution, when one hole is on the si, and 
other hole is on the pa - shell, as follows 


^PlP3 ~ 


where a\= (n\ = 0/'^ = Oj/ = 1/2T^ = 1/2) a' 2 = {n '2 = O /2 = Ij/. = 3/2t2 = 1/2). At last, 
we shall designate the momentum distribution, when both holes are on the si - shells, as 
follows 

(/u), 


»SlSl 

5 ^ 


where a)= {n'^ = 0/'^ = Oj) = l/2f) = 1/2) ^ 2 = {n '2 = O /2 = Oj^ = l/2t2 = 1/2). Then, the 
momentum distribution of the A- isobars for the nucleus C is a sum of the momentum 
distributions for three various cases 


A(A;) — Ap3P3 + A 


P3P2 A Ap2p3 TA^j^Sj^, 
5 3 3 5 5 5 


Using the results of the previous sections for a calculation of the integrals and the values 
lU 2 ^^od(p) and W.^^qq{p) with appropriate replacement of parameters of oscillator model for 
on parameters for we have 




-)fi{k-p)-exp{- )/i(fe+P)]^ 22 , 000 (P)^+ 


^^^P{~ %ah^ )/ 2 (fe -P) - exp{ 


2a^i> 

{k +p)^ 


2a^i> 


[exp{- ^^^ )h{k -p)- exp{ 


2a^i> 


)h{k + p)l»'2-iS'(p)»'2i'yo“o'(p) + 

2 aV )*(*= + 


2a^v 

{k +pY 


Here, 


/ i (^) = ^ + 2(2 + :i) + ^(2 


X 


2 ' ' ' 3^ a^v' 

2 a ;2 


/ 2 (P) = ^(1 - 

h{x) = 1 . 


9 > 
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The numerical calculations of the momentum distribution of the A- isobar for the nucleus 
are shown on Fig. 1 ( curve c). The probability for hnding of the A- isobar per nucleon 
in the nucleus is given in Table 2. 


Nucleus 

PlA 

C 

N 

Ptotal 

P 

^He 

2.73 

0.8907 

0.1227 

0.1094 

0.1081 

12 (J 

2.19 

0.8582 

0.3574 

0.2633 

0.2604 

16^ 

2.17 

0.8074 

0.5338 

0.3401 

0.3448 


Table 2. The probability for hnding of the A- isobar in the nucleus per nucleon Pi a 
is given in %; C is the constant of the normalization; N is the norm of the wave function of 
the A- isobar; P* is the full probability for hnding of the A- isobar in the nucleus. Pm is the 
result of the k integration of the value k‘^A{k). 

Conclusions 


The wave function of the A- isobar conhguration in closed shell nuclei was obtained in 
[11] in the harmonic oscillator model with the Is- coupling. The transition potential with 
TT- and p- exchange was used. We use this result for building of the wave function of the 
A- isobar conhguration in the case of the harmonic oscillator model with the jj- coupling. 
The probability for hnding of the A- isobar per nucleon in the nucleus and the momentum 
distribution of the A- isobar were calculated for the closed shell nuclei '^He and in the 
case of the harmonic oscillator model with the Is- coupling and the closed shell nucleus 
in the case of the harmonic oscillator model with the jj- coupling. This results can be used 
for a interpretation of the experimental data in reactions on nuclei in the new experiments 
connected with of the A knock-out from the nuclei target by tt- meson and photon beams. 
In particular, the received results can be used for the interpretation of the experimental data 
in the reaction ^‘^C{''y,7r~^p) in the framework of the assumption that formation of the 7r~^p 
pairs may be interpreted as a yA’''^ — 7r~^p process, which takes place on a A’*'^ preexisting 
in the target nucleus. 

Appendix 1. 

a) The wave function of the A N system obtained in [11] in the harmonic oscillator shell- 
model with the Is- coupling can be presented as follows 




E 


^AN 

^ l'm'^ 


l' 


The part of the wave function dependent on r can be written as follows 




AN 


(f) 


E 

IsJMjTMt 


^ANIsJMjTMt 


(r)(rl {Is)JMjTMt). 


Here, 


^ANIsJMjTMt ( \ 


n' t .t I I t I t , ' K ' ' i' ^ 

Hi = 7 = s An I and 


7' 


IsJMjTMt ( \ ^ 

p'HN'L'MTn'^ ’ /Ji/g'hb'A' t[MM'^m^i 


II If.' 

I ! if at' t' 
n I N L 


Q _ /_y -l-s +T\-^ANJTMjMt 

y \ ' ' ls,nl's' 
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The value has the form 

Is^n Is ^ 


’ JO ’ 

= I dr^iTMrJMjils) \ hVAN,NN{n{r^ I TMtJMj{ 1's')). 

By dehnition 


F 


JMjL M, 


“l' _ ^a' r''" “a' 

/*/ - / O / / ^^ i! TI /r ^ i' ' 

A' s.m f Sr,m / Lm / um / ImiLM^i Lmismi 

^ . /\/f . ^ ^ F I L l s 


.A M. 


a" a" ' 1 

/^i 02 ^ 




and /5f = The projections of the angular momenta Mj,ML',rni',,ms'. are hxed. 

The two-particle propagator is equal 


Gi{r,r'; — 




TT 


— —f^ANBAN'il{BAN'r)ki{BANJ) 

TT 


r > r 


r < r 


Han Ma Mj 


N 


/ K‘^ 

Ban = y‘^k'ANi-^j^ + AMi -|- AM2 — E(^ap)- 


Here, AMi = Ma - M, AM 2 = Mn - Mm = 0. 

The transition potential was obtained in the OBE approximation (one-7r and one-p ex¬ 
changes) and have the form [11] 




VAN,NN{r) = ■ (J2){vo{m^r) + 2^J^no(mpr))-h 

O TTItt V A 


^TT ^ AN 


Si2{v2{m^r) 


mp 


V2{mpr))]. 


Here, the operator S '12 is 

S'12 = \/ 2 ATT[ai^ X X 

The matrix element of the transition potential 

'(r) = y dr < {l{siS 2 )s)J{tit 2 )T \ r > VAN,NN{r') 

< ^ I {l'{s[s'2)s')j'Mj>{t[t2 )T'Mt> > . 


yJTMjMr-.J'T'MjiMj., _ 

IsX s' 


is written as follows 


yJTMjMT\J'T'Mj,Mj., _ 

Isl' s' 


r) — dj'jdT'TdMj,MjdMj„MNisJ'g'{r) 
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and 


VT, 


VSs'^) = + 2^:^noKr)) + 

O Ifij^ ^AN 


nir, VL 


^z5d(2)(^'2(m^r) - ^i^V2impr))]. 

''In Van 


Here, 




Tt2ti 

lt[t'2 


< ti II rW(l) II t[ >< t2 II rW(2) II 4 >< -Si II II Si >< -52 || II 4 > ^ 

(_l)^l+4+^4;;/ I ^ I 

I 15^52 




ti+t^+T 


Tt2tl 

Wi4 


< ti II rW(l) II 4 >< h II tW(2) II 4 >< II II 4 >< -52 II o-^^'(2) II 4 > X 

yM{-iY^'s'sii' 


l'2l \ I Jls 
000 / I 2s I' 


SiSil 

52^4 

ss'2 


Here, 


vi{r) = — —[ki{mr) - {—Y"^^^"^^[ki{Kr) + 


— m? 


(A2_^2)2L‘V / K^J L 

{krh_^{kr)-{h + l 2 -l)ki{kr)]]. 


T/vr _ 


fANnfNNTi 


47r ’ 

T/P _ f^NpfNNp 
~ dTT ’ 

A is the regularization parameter. For the constants we take the following values 


= 3.9953[14]. 


Vl^ = 0.17[15]. 

Therefore, the values written above are 

= hj^TT^MjMj^MrMrYiJ' sY)i 
= SjjStNmjMj^MtMt^iYi'sY)- 


Here, 


rOO 

Kn'fAY = -l drY'^Gl{r,r'■f^,2M2)Yi}Ar)Rn'l'{r')■ 
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b) After transition from the coordinates fl, to relative r and c.m. R coordinates the wave 
fnnction of the AN system in the case the jj- conpling can be written as follows 






where a = N L Mj^/ and 




Aj (f)= V V c^,rN c]rN xd/jA, (r). 

/ l2m / S2m / (3-^(32 (a^ ' 


mi mi m I m I 
^2 ^2 




Let us dehne 


JMjL'm^, _ ^ ^^2-4 

II II ! R k! 

a-^a2S I A 


E Jinc , J2nv 

C,, 'A C,, " 

L-^m / s-^m ! ^2^]' 


/ s^m / 

^r, ^ 


JMjL M^, 
^ 13” 13” s'l'K' ’ 


where a- = l'j[m-'s[. Then, the wave function of relative motion of the AN system can be 


2 iJl j, I 

written as follows 


^AiV 


where 7 ' = s'A'n'l'. It its turn, the radial wave function is given by 

.j.ANIsJMjTMt r^TruT / A+s' +T\tjtANJTMjMt 

Ab'v'L' ^ I A^u^n'l's' TJ- 


(^0 = E I >, 

Y,JMjTMtIs 


It can be show that 

JMjL' M 


It ! ! ! II 


F7r» = (-l)h+h+*i sj+ii+A+A+2i' 2s' 2j "^L' .(-l)"^ ^(2a; + 1) 


iiA2 \ ( L'xJ \\LxJ 

) \ I I s'I'A' 


Jixj '2 

1 ' K ' t' 

IA 7 
/ ! / 
SiS S 2 


Here, {} are the 6 j- 9j- symbols. 

c) By dehnition, the norm of the wave function of the A N system is 




(5^(5; 

The indices 5' (i = 1,2) are identihed with the indices /?' in the case of the Is-coupling and 
the indices a' in the case the jj- coupling. Here, the sum over the spin and isospin variables 
is meant. After transition to relative coordinate and c. m. coordinate we have 

N = ^ f df ^ (A^ 44 Af'L'M^,(A- 

5'5' '' N'L'M^I 
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For transformation of the last ratio we shall take the formulae mentioned above. Performing 
the angular variables integration, we have 


^ = E E E E E 

N'UM^, IsJMjTMt n'l's'K' nn's'K’ 


JMjL Mj^JMjUM^Tnij' n^l^n2l2^ 


S^S^s'l'A' 


/ ,/ / ,/ . / f J I J ~J 

oA 71^/^712/2^ 

! ^r.m ! ~ t\m / t'rtm f '^n I'N'L' uI'n'l' 


h ^2 
\l +s +T’'\ 


1 2 

\l +s +T'\ 


(l_(_y+.+.)(l_(_y 

Ls,n Is ^ ' ls,n Is ^ ' 


Using the formulae for F mentioned above, we have the following expressions for the norm 
in case of the Is- coupling 


N= E 


A' /2f 2 

^ eee^^4^2(i 


_ ^ - 2 

N'L'Mi^, IsJT s'V n'n' " 


-1) 


l'+s'+T\ 


AwE / wyyT{r)wyy{rydr. 

n l N L n VN L J ls,n I s v / ls,n I s ^ ' 


In the case of the jj- coupling the norm of the wave function of the isobar conhguration can 
be written as follows 

N= [r^drYYl E E 

n'Ajin',l',y N'UlsJTn'l's'A' -'f-'A' 


L'xJ 

s'l'A' 


L'xJ 

s'l'A' 


j'ixj '2 

/'iA7' 

s'ls's'a 


J>J2 

I'yy 

s'is's '2 


A' ' 1 ' k' ' 1 ' ' 1 ' k' 

71 -^ 1 -^ 71212 ^ 77^/^7l2/2A 

G/ / j/ jit/ j-/ Qj / / 

nl N L n'l' N'l' 


Ks;j7Ar)W^M'^r). 

Appendix 2. 

With the help of the graphic method of summation over the projections of the angular 
momenta [13] it is possible to receive the following expression in the case of the Is- coupling 


l'+s'+T\ 


^ JMjL M^, JMjL'M^, _ 

^ ^s'l'A' ^s'l'A' ~ 


m', 7ni 777 ' mE 

E ‘2 




L'xL' 


JxJ \ 

-Mj - rrixMj J ’ 
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where 


j3{x) = 


-l'-l'-s'-A'-2L'+L'-J 


A' JJ 


JxJ 1 I L'xL' 


^ I's'V j [ I'A'V 

The analogous summation gives in the case of the jj- coupling 


^ JMjL JMjL'M^, _ 

^ did's' l'Is! dld's'Vk' 
m-/ m-/ ^ ^ 




L'xJ 


L'xJ 


i I ML>iMj 


L'xJ 

s'l'A' 


L'xJ 

s'l'A' 


j[xj'2 

/;a7' 

sis's'a 



Here, a — y 12 A s ^ — S 2 T T J 2 T A T 2,1' — 2,s' — 2J — 2A^, a 
l'i + l '2 + s\ - S 2 + j'l + j '2 + A' + 21' - 2s' - 2 J - 2L'. 

In the case of the Is- coupling it is possible to show that 


E E 


M^, .L'M^r,ils)JMjTMT(, ^ p\ _ 




2A + 1 


. .Ml 


j q dqio{kq)ix{pq)ix{—Pq), 

were M = Mi + M 2 . In the case of the jj- coupling we have 


V- V- pJMjL'Mp .L'Mp-,(Is)JMjTMt(, 

2 -^ _ 2 ^ _ d^d's'l'A' dld,^s’l'A' L'M'-,iIS)JMjfMT I 


MjMjMpMp 




TT 


cf;„%C“„i:(-l)^+"’+‘'(2A + l)(2x + l){fJix} 


xX 


XJJ 

sll 


JJX 

L'L'x 


L'xJ 

s'l'A' 


L'xJ 

s'l'A' 


j'ixj '2 

m '2 

s'is's '2 


j'ixj '2 

/jA7' 

s'is's'2 


. .Ml 


J q dqjo{kq)jxipq)jxi^Pq). 

Taking into account the formulae above, we can write the momentum disributrion in the 
case of the Is- coupling as follows 




= E E E EE<;S?Aa^r 

^ n'l'y Ld 


.(A) 


17 



J q^dqjoikq) J P^dPjxij^Pq)RN'L'iP)RN'L'iP) j 

where 


1\/TsIJsIJT 


= (- 1 ) 


s+l+L'+J-l'-l'-s'-A' I 


(l-(-iy'+^'+^)(l-(-l) 


I'+s'+T 


)f2 


and 


TT 


-Ss's'df^'X'dsslJ'^J A' P^^C’^/qxqP'ioao 


]\TSlJlJ 


^n'l'N'L' ^fi'VN'U 


A«p(A) 


= {JJ^}{L’L'\} 


JJX 

I'l's' 


L'L'X 

I'l'k' 


JJX 1 

lls J’ 


~o' I 1' I J.I / h! I \ i 

Pi = =nlsA. 

In the hnal expression there is the sum over the main quantum numbers, and the angular 
momenta dependent from the initial hxed /?' 

N'L'sJ'n'A'N'L'sfn'A'. 


Besides, there is the sum over the final angular momenta 

slJslJXT. 


The limitations on the angular momenta follow from the 6j- symbols, which enter in 
expression for the constant Fom them, the following rules of the vec¬ 

tor addition for the angular momenta should be fulhled: {JJX), (A/7'), {Jl's'), {s'Jl') 
and {L'L'X), {Xl'l'), {L'l'A'), {A'L'V). At last, from the third the 6j- symbol we have 
{JJX), {XU, {Jls), {sJl). There are also limitations on the hnal angular momenta 
s, I, J following from the transition potential. The hrst term of the matrix ele¬ 
ment of the transition potential is different from zero only, if the triangle relations 
(s's 2 Si), (sils'^), (S 2 IS 2 ), ("S 2 <s's() are fulhled and I = /'. Second term in the matrix element 
of transition potential is diherent from zero only, if the limitations on the angular momenta 
{Jls), {s2s'), {I2s'), {I'Js'), {l'2l), {siS 2 s), (sis(l), (sis^s'), (s 2 s' 2 l) following from the 3jm -, 6j 
-and 9j- symbols are fulhled. 

For the case of the jj- coupling the momentum distribution of the A- isobars can be 
written 


^a'^a'^{k) = 


N'L'n'Vs'A'-p'L'h'l's'A' Ms JUT 


i\rMsjIjT 


q^dqjo{kq) 


P^dPn(^P<i)RN'u(P)Rf,,v(P) j p‘ipUpq)\^fPPAv)KWAv)- 


Here, 




^n'l'N'V ^h'l'N'L' 
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and 


(A, /, s, J, IJ- s'l'K'L'- -s'l'k'L') 


i, s, J, W; s'i'A'L'; S'i'A'i') = i:(-l)"+-+'-'(2A + l)(2x+ 1)CY'IAM]'2^) 




Here, 

gular 


a 


1 ~ 
moment urns 


-u' 

following 


flXj2 


flXf2 

l[A% 


l[A% 

s[s's'2 _ 


. sws '2 ^ 

The 


limitations 


on 


from 


the 


6j- 


the 
symbols 


an- 

are 


are: 

The 


(JJA), (A//), (J/s), (sJl), (JAJ), (JL'x), (AL'L'), (L'Ja:), (L'xJ), (Js7'), (xs'A'), (A'T7' 
(L'xJ), (JsT), (xs'A'), (A'LT)- 

The limitations on the angnlar momenta from the 9j- symbols 
ifilWi), (/'iA7^), (s'is'4), (xAV), ifJWi), {xA's'). 

limitations on the angnlar momenta following from the transition potential coincide with 
limitations in the case of the Is- conpling. 
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Figures 



Figure 1 : Momentum distribution of A- isobar in closed shell nuclei '^He- 
b,i 2 C- c. 
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